Game Theory and Duality

T1

The Transportation Problem

Class 32
May 5, 2023



Handouts:
Notes on Assignment 11
Assignment 12



Announcements

» Final Exam
Thursday, May 18
9 AM - 12 Noon

» Senior Mathematics Seminar Presentations
Next Week Watch For Announcements



Finding Your Optimal
Strategy in Zero-Sum
Game
» Eliminate All Dominated
Strategies
» Determine "Best of the
Worst”



i T, T3 T4|MN
S$ |5 6 20 3| 3
S |12 17 25| 10 <«
S3 |16 8 9 8 | 8
S |13 9 6 5| 5
MAX |16 10 20 25
i

maximin =v = lower value

minimax = v = upper value
I[f maximin = minimax, then we have a

Saddle Point.

If there is a Saddle Point, then it is stable.
If both players know what the other will do, neither
will change their strategy.



NOT
EVERY GAME

HAS A
SADDLE POINT



A Simple Example

T1 T | Worst
S5 8 -3 -3
S, -5 4 -5
Worst | 8 4

Here v = —3 and v = 4.
Rose can guarantee herself -3 by playing 5.
Colin can limit her winnings to 4.
Rose tentatively selects S; and Colin selects T».
But if Rose knows Colin will play T5, she should switch to S».
Knowing this, Colin switches to Ty but.. Then Rose switches to
51 causing Colin to...



How Should Each
Play The Game?
Choose a Strategy At Random!

But With What Probability?



Mixed Strategies
Let p be the probability Rose plays S;.
The 1 — p is the probability she plays S».
Similarly, g and 1 — g would represent the probabilities that Colin
selects T1 and T, respectively.
Then the probabilities of the various outcomes are given by
| g 1—gq
p Pq p(1—q)
l1-p|(1=p)g (1-p)(1-aq)
with payoffs

| g 1-—g
p 8 -3
1—p| -5 4

Expected Value for Rose =

EV =8pg —3p(1 — q) + (-5)(1 — p)g +4(1 — p)(1 — q)



Expected Value for Rose =

EV = 8pq—3p(1—q)+(—5)(1—p)g+4(1—p)(1—q)

—20pq—7p—9q+4

7 63
4p—=)(5g—-) — — +4
= (4p )(q 4) 2t
17

= (4p — g)(5q— Z)+%

Rose: 4p:%$p:%

Colin: 5q—l7—1:>q:%



5 8 -3 -3
S 5 4 -5
Worst | 8 4

Here v = —3 and v = 4.

17

Ev:(4p—9)<q—3)+%

With p = and q=
the Expected Value of the Game is 20



EVrose = 20pg — 7p — 9g + 4

=(20g —7)p —9q + 4
,

So Colin should choose g = 35

EVcoin = —(20pq —Ip—9qg + 4)
= —20pg+7p+9q9 —4 =
(9—20p)g+7p—4

9

So Rose should choose p = 55



Another Way To Determine Equilibrium Strategies

Rose's View:
Mixed Strategy vs T;1 :8p+ (1 — p)(—5) =13p—5
Mixed Strategy vs To: —3p+4(1—p)=4—Tp

These payoffs are equal when

13p—5=4—-T7p
20p=9
_ 9

P=12
Colin’s Perspective:
Mixed Strategy vs S; : 8+ (1 — q)(—3) = 119 — 3
Mixed Strategy vs Sp : —5g +4(1 — q) =4 —9q
These payoffs are equal when

11g—-3=4-99=20g=7=q= 5



A Graphical Approach

Look at Rose's Expected Payoffs:

=

vs T1:13p—5
vs To:4—Tp
Graph these on 0 < p < 1.

P

Aplotof13p —5Sinredand 4 — 7 p in blue



Plot min(13p — 5,4 —7p) for 0 < p <1




Another Example

Tl T2 T3 T4
S1]1 0 3 -3
S|-1 4 2 6

T, T3 T4 | Row Minima
S 1 0 3 -3|-3

4

4

S -1 2 6 |-2
Column | 1
Maxima

T1 T T3 T4 | Row Minima

5 1 0 3 -3

-3
S -1 4 -2 6 = v
Column 4 3 6
T

Maxima




T1 T, T3 T4 | Row Minima
51 1 0 3 -3|-3
S -1 4 2 6 cv
Column 4 3 6
Maxima T
v=1

Value of this game is somewhere between -2 and 4.

Consider Expected Payoff to Rose if she uses S; with probability p

VS Tl
vs Tr
VS T3

and S with probability 1 — p.

tlp+(-1)(1-p)=2p-1
:0p+4(1—p)=4—14p

:3p+(=2)(1-p)=5p-2
vs Ty :

—3p+6(L—p)=6—9p



Expected Payoff to Rose with mixture (p,1 — p):
vs T1:2p—1
vs Tr:4—4p
vs T3 :5p—2
vs T4 :6—9p

Is there a single p which guarantees same expected payoff
against all 4 of Colin’s strategies?

T1 and T5: 2p—1:4—4p:>6p:5:>p:%

With p = %:

Expected Value against Ty = 2(2) — 1 =2/3
Expected Value against T, =4 — 4(2) = 2/3
But
Expected Value against T3 = 5(2) — 2 = 13/6
Expected Value against T4 =6 — 9(2) = —3/2



Graphical Approach

39 Sp-2vs T3

2p-1vsT1

02 3 0.6 0 L
P 4-4pvs T2

N 6 -9pvs T4




3 Sp-2vs T3

2p-1vsT1

Look at bottom edge



3 Sp-2vs T3

2p-1vsT1

Look at bottom edge



Plot min(2p — 1,4 —4p,5p— 2,6 —9p) for 0 < p <1

0

ta
"

Rose can guarantee herself expected payoff of at least % by
choosing the strategy mixture (15, 77)-
Colin asks: Can | keep her winnings down to % ?



1 T1




Colin wants to play a combination of T; and T4.

g l1l—gq

i Ta
S| 1 -3
S | -1 6

Expected Payoffs
vs S51:1g—3(1—q)=4g—-3
vs S5 —1g+6(1—qg)=6—7q

We can solve for g by
Setting 4g — 3 = ﬁ or

Setting 6 — 7q = 57 or
Setting4g—3=6—T7q

All these lead to g = 1%

Colin’s Optimal Mixture is (£,0,0, Z)



We Can Use Graphical Approach
Whenever One of the Players Has
Exactly 2 Strategies



Next Time:
Connecting Game Theory
With
Linear Programming



Connecting Game Theory
With
Linear Programming



The Theory of Games
and
Linear Programming



Expected Payoff to Rose with
mixture (p,1 — p):

vs T1:2p—1
vs To:4 —4p
vs I3:5p—2
vs T4:6—9p
Rose can not usually hope to

find a p which will make all
these expected values the same



Can Rose pick a p so that the

expected value was > % against each
of Tl, TQ, T37 T4 7

If so, she would have an expected

payoff > % for all mixtures of
T17 T27 T37 7--4-



T1 To T3 Ta
571 0 3 -3
SH1-1 4 -2 6

Expected Payoff to Rose with mixture (p1, p2):

vs T1 :1py — 1p»
vs T5:0p1 +4p>
vs T3 :3p1 —2p»
vs T4 : —3p1 +6p2

Rose’s Question: Are there p; and p, so that all these
expected payoffs are at least %?
Can she do even better than %?
What is the largest v that can be achieved?



Rose’s Problem:
Maximize v such that
lpy —1pp > v
Op1 +4p > v
3p1 —2p2 > v
—3p1 +6pp > v
p1+p2=1
p1,p2 2> 0

This is an LP Problem:
Variables: p1, pp, v
Surplus: s1, 5, 53,54
Artificial: a1, ap, a3, as, as



Rose’s Problem

Colin’s Problem
Maximize v

Minimize v
such that such that
lpp—1pp > v
Op1+4p2 > v 1g1 +0g2+3g3 —3gs < v
3p1 —2p2 > v —1g1 +4q2 — 2g3 — +6q4 < v
—3p1+6p2 > v Gt q@tagtag=1
p1+p2=1
p1,p2 >0

q1,92,93,q4 > 0

Variables: p1,p2, v
Surplus: s1, 5, 53,5
Artificial: a1, a», a3, as, as

Variables: d1,492,43, 44,V
Slacks: s1, s

Artificial: a

We don't yet know whether max/min value of v is positive or
negative so these problems are not quite in standard LP form



T1 To T3 Ta
571 0 3 -3
S1-1 4 -2 6

Largest Negative Entry is -3 So Let’s Add 4 To Each Entry:

T, T3 T4 | Row Minima
51 4 7 111

S 8 2 10 |[2]ev=2

T1
5
3
Coumn | [5] 8 7 10
1)

Maxima

%

5

v=2<v<bh=v



TH T T3 Ta4
S1 ] 5 4 7 1
S | 3 3 2 10

Colin’s Problem: Max —v(0qg; 4+ 0g2 + 0g3 + 0gs — 1v)
such that
51 +4q2 +7q3+1qs —v <0
3q1 +8g2+2g3+10g4 —v <0
lgi+'g2+'g3+1qa+0v =1

qi1, 92, g3, ga, > 0
v unrestricted



Use Benjamin's S-O-B Rule To Construct The Dual

Max —v = 0qg1 + 0g> + 0g3 + 0gs — 1v
such that
5¢1 +4g> +7g3+1gs —v <0 p1 (S

)
3g1 +8g2+2g3 +10gs —v <0 po (S)
lg1 + 1o+ 1g3+1gs +0v =1 u (0)

)

G’1’qzaCI3,q4;VZO (A” S
v unrestricted (0)
Form Dual:

MIN Op; + Opy + 1u
such that

5p1 +3p2 +1u >0
4p1 +8pr +1u >0
7p1+1po+1u >0
1p1 +10p2 +1u >0
—p1—p2+0u=-1

p1 > 0,p2 > 0, u unrestricted



MIN Op; + Op2 + 1u
such that
5p1 +3p2+1u>0
4py +8p2+1u>0
Tp1+1po+1u>0
1p1 + 10ps + 1u > 0
—p1 —p2 +0u=-1
p1 > 0,p2 > 0 and u unrestricted

MAX v

such that
5p1+3p2—v >0
4p; +8pp —v >0
pr+1pp—v =0
1pr +10p2p —v >0

—p1—p2=1
p1>0,p20>0,v=—u

BUT THIS IS ROSE’S PROBLEM



Consider General 2 x 4 Zero-Sum Game

T T, T3 T4
S1 a1 a2 a3z aws
So| a1 ax a3 axu

Colin's Problem: Maximize —xg such that
ai1x1 + aiexz + a13x3 + awaxg — x5 < 0
az1X1 + axnx2 + ax3x3 + axuxs — x5 < 0

x1+x+x3+x=1
X1, X2, X3, X4, X5 Z 0



Colin's Problem: Maximize —xs such that

aiixt +aexe + a13x3 + awaxs — x5 < 0
az1X1 + axnxa + a23x3 + axuxs — x5 < 0

x1+x2+x3+x=1

X1, X2, X3, X4X5 > 0

Set Up Tableau

X1 X2 X3 X4 X5 S1 S a
Z| 0 0 0 0 1 0 0 M]JO
51 all d12 di3  dig - 1 1 0 0 0
So ani dano dal3 a4 - 1 0 1 0 0
a| 1 1 1 1 0 0 0 1|1



Colin’s Problem as LP Tableau

X1 X2 X3 X4 X5 S1 S a
Z| 0 0 0 0 1 0 0 M]|O
S1 ail ai? di3z dia -1 1 0 0 0
Cy) dani dno do3 adz4 -1 0 1 0 0
a| 1 1 1 1 0 0 0 11

Make a basic.

Subtract M times a row from Z row:

X1 X2 X3 X4 X5 S1 S a
Z|-M -M -M -M 1 0 0 0]|-M
S1 all di2 di3 adi4 -1 1 0 0 0
S22 | aosi dajlp a3  ads -1 0 1 0 0
a 1 1 1 1 0 0 0 1]1

Simplex Algorithm: x; will enter the basis, driving out one of the
slack variables



Observe
Colin will have 3 basic variables
One of them must be x5, the value of the game,
which must be positive.
= There are at most 2 of the original variables that
will be positive.
= At least two of xq, X0, x3, x4 will be 0.



THE OPTIMAL
STRATEGY MIXTURES
IN AN m x n ZERO-SUM

GAME
HAVE AT MOST min(m, n)
POSITIVE
PROBABILITIES.



A General 3 x 4 Game

Tn T, T3 Ty
S;1 a1 a2 a3 aws
Sr | a1 ax a3 axu
S3 | a3 ax a3 axu

Rose’s Problem: Maximize 0x; + 0x> + Ox3 + 1v
subject to
ai1xy + axxo +az1xz —v >0
aioxi + axnxo +appxz —v >0
a13X1 + axzxo + azzxz —v >0
aiax1 + agaxo + azaxs —v >0
Ixi+1xo+1x3+0v =1
X1,X2,Xx3,v > 0



Rose's Problem: Maximize 0x; + Ox> + Ox3 + 1v
subject to
aixy +anxe +ax3—v=>0
alpxy + axnxy +azxz3 —v >0
ai3x1 + axsxx +aszxz —v >0
aiaxy + asaxo + azaxz3 —v >0
Ix +1xo +1x3+0v =1
X1,X2,X3,v >0
Colin's Problem: Minimize 0y; + 0y> + 0y3 + Oys + 1u
subject to
ailyr + awzy2 +a13y3 + aways —u <0
aryr + axy2 +axys + auys —u <0
as1y1 +aspy2 +assys +azys —u <0
1y + 1y +1y3 +1ya +0u =1
Y1,Y2,¥3,ya,u >0



Rose's Problem: Minimize 0x; + Ox> + Ox3 + 1u
subject to

anx1 +anxo+auxs+u>08

aiox1 + axnxo + azpxz +u>08S

a;zx1 +axsxo+axsx3+u>08

a1axy + anxo +asuxs+u>0S

I +1x+1x3+0w=10

X1,X2, X3 Z 0



Colin's Objective Function:
Minimize Oy; + Oy> + Oy3 + Oys + 1u
Rewrite as
Maximize 0y; + Oy> + Oy3 + Oys- 1u
Then let v =—u

Maximize Oy; + Oy» + Oy3 + Oys+1v
ailyr + awey2 + aizys +auys +v <0
ar1y1 + axy2 + axsys + axys — +v <0
as1y1r +aszy2 +assys + azys — +v <0
ly1 +1yo+1ys+1ys +0u =1
Y1, Y2, ¥3, ya = 0, No restriction on v



Colin’s Problem : Maximize Oy; + Oy» + Oy3 + Oya+1v
aily1 + a2y +aizys +awysa +v<08S
ac1y1 + axoys + axzys + azays — +v <0 S
a31y1 + as2y2 + aszys +azays — +v <0S
lyi+1ys+1ys+1ys+0u=10
Y1, Y2, ¥3,ya = 0, No restriction on v
S,S5,S5,5,0

Use S-O-B Rule to Form Dual
Rose's Problem: Minimize 0x; + Oxy> + Ox3 + 1u
subject to
a11X1 + a1 Xo + azixz +u > 0S
aiox1 + axnxo + azpxz +u>0S
a13X1 + a»3Xxo + az3xz + u > 0S
a1ax1 + anxo + azaxz +u>0S
1x1 +1x +1x3+0wu=10
X1,X2,X3 > 0



f You can solve m x n zero-sum
games with the simplex
algorithm!

When both m and n are larger

than 2, you may wish to use
IOR Tutorial.

Think carefully about whether
you want to solve Rose’s
problem or Colin’s problem.



Game 1

i Ty
519 -3
S | -5 4
Game 2
TH T T3 T4
S 11 0 3 -3
S|-1 4 2 6




